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J. PHYS. A (PROC. PHYS. socC.), 1968, sEr. 2, voL, 1. PRINTED IN GREAT BRITAIN

Mixture of outgoing and incoming gravitational radiation:
change of mass of the source of radiationT

M. A. ROTENBERG
The Negev Institute for Arid Zone Research, Beersheva, Israel
MS. received 6th November 1967

Abstract. It has been fairly well established theoretically in recent works that
outward travelling spherical gravitational waves carry away energy from their source.
Methods of successive approximations applied to the Einstein gravitational field
equations of general relativity have been used for that purpose. The object of this
paper is to show, by a double-series approximation method, a similar result for the
general case of any mixture of outgoing and incoming radiation.

1. Introduction

It is now a fairly well-proved fact that, in the general theory of relativity, outgoing
gravitational waves from an isolated cohesive material source have a real physical signifi-
cance. In particular, by means of a double-series approximation method applied to the
gravitational field equations]

Ry =0 (1.1)

for free space, the following result for sandwich waves was shown in works by Bonnor
(1959), Rotenberg (1964), Bonnor and Rotenberg (1966).

In the second approximation to the field equations the source suffers a secular loss of
gravitational mass, except for a very special type of oscillation of the source. This loss of
mass is equal to the total energy flux of outgoing radiation as calculated from the linear
approximation.

This was established for axi-symmetric sources, such as a system of two point masses
made to oscillate by means of a light spring connecting them. Using any oscillating linear
distribution as a model of the source, this paper sets out to show a similar result in the
general case of any mixture of outgoing and incoming gravitational radiation. From the
extended result it will be immediately deduced that stationary waves produce no total
change of mass of the source, as expected.

The linear source is described in detail in §2. In § 3 the double-parameter approxi-
mation method is presented, and the metric to be employed by this method for the linear
source is given in §4. In § 5 an appropriate external solution of the linear approximation
is derived for the source. Section 6 1s preliminary to the solution of the non-linear approxi-
mation in § 7, from which the main result, concerning variation in mass of the source, is
deduced. For convenience, an appendix is set aside for the inclusion of the approximate
field equations and their solution, corresponding to the metric chosen in § 4.

2. The source and receiver

We shall suppose that, in the linear approximation to (1.1), distance, time and mass
retain their Newtonian meanings.

The source will be chosen as a linear cohesive distribution of matter of finite length
vibrating along the axis Oz, of a (pseudo Galilean) rectangular Cartesian coordinate system

. . . . 0 . $ .
Owyz, with its centre of mass coinciding with the origin O. Then, if 7(z) is the sth moment

+ This paper constituted partial contents of a thesis submitted by the author (1964) to the
University of London for the degree of Ph.D.

i In this paper, unless otherwise stated or implied a Latin index runs from 1 to 4; a Greek
index from 1 to 3. The summation convention applies to both indices.
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at time ¢, of the source about the plane & = 0,

1
1(t) = 0. (2.1)
We shall suppose that the source is made to execute arbitrary, smooth motion along Oz

during the finite period #; < ¢ < ?,. Then I(?) is an arbitrary bounded function of z which
satisfles (2.1) for s = 1 and which is (i) constant outside the interval #; < ¢ < ¢, and
(ii) single valued with unique derivatives of all orders in the interval ¢, < ¢ < ¢,

In conclusion, the vibration of the system may be considered as partly the cause of the
outgomg waves and partly the effect of the incoming waves, so that the system acts as a
‘source and receiver’ of the waves.

3. The double-parameter approximation method

We present here the double-series approximation method applicable to the external
field of any isolated coherent material source.

Let m be the total mass of the source and a be any chosen constant having the dimen-
sions of length (in units of customary physical dimensions), such as the time average radius
of gyration of the source. Both m and a are defined in the Newtonian sense but in relativistic
units assumed in this paper. Then the method of successive approximations is to involve
the double-series expansion of the metric tensor

oo 2 (ps)

S = Bt Z z mra® gy, (3.1)

p=1s=0
(ps)
in terms of the parameters m and a, g, (p, s =0, 1, 2,...) being independent of m and a

(cf. Bonnor 1959, Rotenberg 1964, Bonnor and Rotenberg 1966);(2;2 is the value of g, for
flat space-time. As will be shown in § 5, the solution of the linear approximation is, in
fact, the part of (3.1) which is linear in m, namely the single-series expansion (5.14) in a.

Substituting the expansion (3.1) into the field equation (1.1) and equating to zero the
coefficient of m”a® we obtain a set of ten second-order differential equations to be called the
(ps) approximation. The ten equations take the forms

(p$) (ps) (gr)

@1(gin) = Vin(gix) (g<p-Lr<y). (3.2)

. . . @) . o . .
In these, the left-hand sides are linear in ;;C (and their derivatives), the right-hand sides
. . (gr) . o . .
are non-linear in gq;c (g < p—1, r £ 5) (and their derivatives) determined from earlier
I TS, . as)
approximation steps. Thus any (1s) approximation is linear and homogeneous in gis,c and

their derivatives ({sz = 0) and, consequently, belongs to the linear approximation. (Of
course, the linear approximation includes also the trivial (00) approximation corresponding
to flat space-time.) Forp > 2 the (ps) approximation is non-linear: the (2s) approximations
(s = 0,1,2,...) constitute the second approximation, the (3s) approximations (s = 0, 1,2, ...)
constitute the third approximation, and so forth.

As is already known, the 4-momentum of any bounded cohesive material source
is conserved in the linear approximation (Rotenberg 1964, 1968) and, therefore, in the
(1s) approximations. A change in 4-momentum may occur in the second approximation,
and it is our aim to show that there does, in general, take place in this approximation a
secular variation in mass of the linear source chosen in § 2 (see § 7).

Finally, the solution of the (ps) approximation, the (ps) solution, is represented by

gﬂi)which satisfy (3.2).

4. The metric

For solving the important approximations for the source chosen in § 2 (which is axially
symmetric about Oz) we shall use the axi-symmetric metric

ds® = — A dr®—r*(B db? +sin? 0C dp?) + D di? (4.1)
+ To be published.
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where (7, 0, ¢) are the (pseudo) spherical polar coordinates of the field-point P and A4,
B, C, D are functions of », 8, t. This is the diagonalized form of the more general axi-
symmetric metric

ds? = — Adr?—r¥(B d6?+sin? 0C d¢?) + D dt? + 2vE dr df + 2F dr dt + 2vG db dt (4.2)

where E, F, G are also functions of #, 8, ¢ (see Bonnor 1959).
Expanding the coefficients of the diagonal metric (4.1) in the form (3.1) we have

gn=d =143 Y wwd
p=1s=0
z a (psy
— g2 =1°B = 1’2(1+ z Z mpasp )
o } (4.3)
© © o ]
—gs3 = r?sin? 0C = #2sin? 0 (1+ 2, 2 mpas(zé)
p=1s=0
52 (p8)
gee =D —1+ S 3 mta*D

(ps) (ps) (ps) (ps) . . . . . . .
A, B, C, D being functions of 7, §, . This notation will be used in the following

sections.

5. The (1s) approximations

We obtain here suitable solutions of the linear, (1s), approximations corresponding to
the diagonal metric (4.1). To do this we first derive, for any isolated coherent material
distribution with its centre of mass taken as the origin O, an appropriate solution of the
linear approximation to the field equations

Ry —3guR = —8nTy (5~1)

starting with (pseudo) Galilean coordinates x; = (x, ¥, 2, ). We then apply the solution to
the special source in §2, transform to (pseudo) spherical polar coordinates and render
diagonal the resulting approximate metric by an appropriate infinitesimal coordinate trans-
formation (7, 0, ¢, t) — (r*, 0%, ¢*, t*). We proceed as follows.

For weak fields suppose that, in Galilean coordinates x;,

i = M T Viro g = 0¥ = diag. (-1, =1, =1, +1) (5.2)
v being small. We introduce y}, by

'yjk = Yo~ 50 Yar = Yix = ')/;klc“%”’]—;wabyjb (5.3)
and select (pseudo) Galilean coordinates w; satisfying the harmonic coordinate condition
1% ia,0 =0 (5.4)

where the comma denotes partial differentiation. The linearized form of the field equa-
tions (5.1) then reduces to a set of wave equations (Eddington 1924, §57; Landau and
Lifshitz 1962, § 101)

ﬁab?’z*zc,ab = —167Ty,. (5-5)

Their solution in Kirchhoff form for mixed, outgoing and incoming, radiation may be
written as
* e
Vie = Vi T B Vi (0,82 0,0+8=1) (5.6)
where =)
Vi = —4f AT (R, t F1) du. (5.7)
v
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The notations in (5.6) and (5.7) are as follows: in (5.6) the quantities y};, and y¥, repre-
senting respectively the retarded and advanced potential solutions of (5.5) and (5.4),
correspond to the radiation emitted from, and absorbed by, the sources of the field;
«, B are constants to be referred to as the strengths of the emitted and absorbed radiation,
respectively. In (5.7) the integration is to be carried out over any fixed space volume 1/
containing all the sources of the field, and 7* is the distance of the point P(£,) (%, = &, 7, %),
included by the space element dv = d& dj d% of integration, from the field-point P(x,)
(%, = x,, 2) of interest.

It will be convenient to have the multipole expansion for the solution (5.6) obtained by
expanding the integrand-in (5.7), by means of the Taylor theorem, so that 7 (the fixed
distance OP) occurs instead of #*. The expansion involves the moments of all orders of
T, about the coordinate planes, which are defined for time ¢ by

zwuv (t) = f xlxu Tik(‘xa’ t) dv (”’iabTia.b = O)-T (5.8)

In fact, if we employ the dimensionless moments hy,,,,,. . (t) given by

h _ Iaﬁ/llﬂz...ﬁs
aBliilg. . As ma“z
A _ I(x&/ﬁllg...ls (59)
adfAiAzhs T
1/ ts mas+1
A _ 144/2.1/124../15
44/ 3. As T s
ma

which we suppose to be independent of the parameters m and a introduced from § 3,
then the expansion turns out to be (Rotenberg 1964, 1968)

vag = —4ma®r~h,,—4man,(r~ Yigs 1+ 1~ hag ) + mO(at) (5.10)
Ve = —4maPn,(r~ g+ 77 hass)

—2ma®{nm,r ™ Ry + (303, = 83, )(r "2 higa 1+ 1 2 Rgg )} +mO(at) (5.11)
Vi = —4mr=?

- Zmaz{n,tnur - 17124/111 + (Snlnu - 8/’-#)(7 B 2}};4/&# +ro 8}—144/244)}

g

—3ma®{nm,ny lﬁzlf;‘/ﬂuv +3n,(2nym, — 8,,)7 " hgn iy
=+ 3”/1(5”“”\: - 38uv)(7_3/;;4/1uv +r” 4;1-44/7.uv)} + mO(a4). (S . 12)

Here n, = x,/r = (x/r, y/r, z/r) and the notation

R T R e A RO N CRE)

where ™ (equivalent to z primes) denotes the nth derivative with respect to ¢ (n > 0), has
been applied to Ay, . (1),

"This solution, (5.10) to (5.12), which is the external solution (for the material distribution)
of the linear approximation to (5.1) or (1.1), is referred to as the multipole wave solution
(for the distribution) of the linear approximation. By virtue of (5.2) and (5.3) it may be
written symbolically in the form

(00) o ads) (11

e = it Z ma'gy,  gu =0 (5.14)

§=

+ The relation in brackets expresses the conservation law of 4-momentum in the linear approxi-
mation.
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(00) (1s) (11) (12) (18)
gm, g being independent of m and a; gik corresponds to flat space~time; gy, ik, Ziry + o

gm, ... respectively constitute what are called the dipole, quadrupole, octupole, ey 25-pole,
... wave solutions of the linear approximation (or the (11), (12), (13), ..., (1s), ... waves)

appropriate to the sources; and the static part é)ik +mg11k2 which gives the lmear approxima-
tion to the Schwarzschild solution, represents what is simply referred to as the monopole
solution for the sources.

From the second of (5.14) it follows that an isolated oscillating system does not produce
dipole waves as well as monopole waves. The lowest wave-like term in the multipole wave
solution (5.14) is the one in ma?, which corresponds to the quadrupole waves (cf. Boardman
and Bergmann 1959, Bonnor 1963, Rotenberg 1964, 1968).

We now apply the multipole wave solution (5.10) to (5.12) to the particular system of § 2.
It is easy to see that for this system the only non- varushmg components of T, are T 33
Tss, Ty From (5.6) and (5.7) we therefore have y5,, yay, va, as the only non-zero Vi

These components of y}; can be expressed in terms of the ordinary moments I (or 2%-pole
moments, s = 0, 1, 2, ...) of the source about the plane & = 0 (and their time derivatives).

We shall actually express them in terms of the quantities h the dimensionless 2%-pole
moments defined by

S

mash(t) = I(t) = f Ty, 0)dz (s> 0) (5.15)
and satisfying o
@) =0 (n> 1)t < t,t> t). (5.16)

This is done with the assistance of the following two relations, proved at the end of this
section:

hos(t) = WO, ha) = ——R(@) (520 (5.17)

where
ma“z/i%(t) = f 2 Ty3(z, t) dz, ma”l}jw(t) =f 2T (2, t)dz (s 2 0). (5.18)
We proceed by putting « = 8 = A = u =v = ... = 31in(5.10) to (5.12) and employing
(5.17): the result, expressed explicitly up to terms in 4%, is
yE = —Zmazzf‘l}_é”—%mas cos B(r‘lfé”’+r‘27é”)+m0(a4) (5.19)
yay = 2ma® cos 0(7’“1/2”—#7‘2};1’)
+ 2ma®{cos? Or~ 1?’” + (3 cos? - 1)(r‘2f3i” + 7‘32’)}+ mO(a*) (5.20)
vis = —4mr =1 —2ma?{cos? 97‘12”-1- (3 cos2f— 1)(1"2/;1/ +r‘3é)}
~—%ma®{cos® 6r~ 1/;”’ +3(2 cos® 8 —cos 6)7‘2};1”
+3(5 cos® § — 3 cos 9)(7‘3@ +”_4é)}+ mO(a*) (5.21)

s

where the notation (5.13) applies to & “=° 4.
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This approximate metric corresponds to Galilean coordinates x; = (x, ¥, 2, ). We
now transform from these coordinates to coordinates (7, 0, ¢, ¢} and reduce the resulting
approximate metric to diagonal form by means of the coordinate transformation

@ (1s) * as
r=rf—m+ > mado (5, 0%, 1%), 0 =0%+ > ma® B (r¥, 6%, t*)
s=2 s=2 (5.22)

® (1s)
95 = &%, P =Pt Z ma® 8 (r*, g%, t*)

s=2
1 _
where "o’ (r, 6, t), ... (s = 2) are given by
(12)

oc-—(1—532)r“171 237‘2}1 1—%s2)f r=3h dr
0 2

a2y

_ _o,=2fr _ =35 41 ’ -3
B'= se(=2r=2h —r=3hi+r fwr i dr) Y (5.23)

a2 - ’
S = (1+%s2)r‘1/é'+(1—%32)(7‘2é+3rf r~thdr)
© 2

13) -
= = (o= 3R = (de—0e) 2 + 7o)

|m

@ _
,83)= —25c%r 2R — (45— s )(r“sh’+r"4ﬁ) (5.24)

3
(13)

§ = (hc—3)(r " th"+r2k")
3 3

etc. in which s = sin 6, ¢ = cos §. If we omit terms involving m?a® (p > 2, s > 0) and
the asterisks the result is

® s it (1sy
g = —1-2mr~*— > ma* 4, Log = ~—72(1+ > masB>
§=2 s=2 (5‘25)
<1 s) h (19
gaz = —72 sm29(1+ > ma*C ) gea=1-2mr=*+ > ma*D
§=2 §=2
where the (00) and (10) solutions appear explicitly on the right as
(00) Q0 (00) . (6]
= —1, gog= —7% gy = —7r7sin?0, g4 =1 (5.26)
(10) (10 o) (10)
gu1= —2r"1, go0=0, £33 =0, gay = —2r7* (5.27)

where the (11) (dipole) solution is non-existent,

an

g =0 (5.28)
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and where the (1s) solutions (s > 2) are given by

[@%2)]

A =282~ k" +3r~ 2k +3r%h)
2 2 2

B = s2<r“1l_z”—3r’313~3r‘1f r—3k dr)
2 2 © 2

_ o r R (5.29)
C = —sz(r“lizz’+4r‘2};z'+br‘3/;+r“1f 7‘—Séld7’)

D= ZS“’(V‘IQ”+r‘2/§')—2(4—332)r'3§—12(2—52)rf r=ohdr
A= (=B~ + 672" 4 157 + 1574

B = §s%cr A"+ (3¢ — 323 2h" 4+ (e~ 3c3)(r 3R + 77 4h)
3 3 3 3

F (5.30)
C= —%szcr‘lé’”—(2c——%,9c3)r‘2§z"—(5c—%§c3)(r'3€z'+r‘4é)

D = (3¢ ——%—cs)(r‘léﬂ" + 4r—2§” + 97-3/;1' + 97‘4/;1)

etc. We can verify by direct substitution that the above (10), (12), (13) solutions satisfy the
respective (1s) approximations given in the appendix as (Al)to (A7) (P = Q = ... = N = 0)
for the diagonal metric (4.3).

In subsequent work we require, in addition to the (10), (12), (13) solutions, the form
of the (14) solution as far as terms of order =2, In fact, expressions for the appropriate
(1s) solution up to order »~2 for any s > 2 are found to be of the following forms:

(1ls) s - 8
A (seven) = r=18,(0)F® + 72T (@)h¢-D, ...
8 8
(5.31)

1s)

A (sodd) = r-lg’A(@)ﬁ(s)+r—2§<A(g);'l<s—1),

Finally, we establish (5.17). The conservation equations in the parenthesis in (5.8)
reduce, for the linear source, to

Tsss = Tases Tass = Tasa (T = Ti(z, 1)). (5.32)
Multiplying the second of (5.32) by 2°*! and integrating along Oz between the limits
% = -+ oo, we have

ool

2Ty, dy = f &1 5 5dz = f {(2° "1 Ty5) s — (s +1)2°Ty5} dz

-

o

a) _.,

- [zs+1T43];°=_w—(s+1)f Ty de. (5.33)

Since the T’ vanish outside the source it follows that the first term on the extreme right
is zero, and so we obtain the second of (5.17). Similarly, by multiplying the first of (5.32)
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by 2°*! and integrating along Oz between the limits 2 = + oo, we get

1 s+1
hag(t) = 7 et (5.34)
inserting in this the relation obtainable from the second of (5.17) by replacing s by
s+1 gives the first of (5.17).

6. The second approximation

As the 4-momentum of the source is conserved in the linear, (1s), approximations, we
are led to consider the second, (25), approximations in search for a secular change in mass
of the source. Of the (2s) approximations we shall study those for which s € 4, the most
important of these being the (24) approximation, which is the lowest one revealing a
permanent change in mass of the source.

The exact solution of a (2s) approximation, except for s = 0, 1, is extremely difficult
to obtain. Qur aim is to find a permanent change in the mass of the source resulting from

. . Y 28) . Lo )
the finite period of its vibration. Those parts of the g;C which are transient, i.e. which are
each the same after the oscillation as before, are of no interest and may be ignored in the
analysis. Terms of order higher than »~* may be ignored too, since, from the Schwarzschild
solution

ds? = —(1—2mr=1)"1 dr® —r2(d6? + 52 dp?) + (1 — 2mr =) dt? (6.1)

it is evident that terms in the metric representing variation in gravitational mass during the

interval #; < ¢ < ¢, are of order »~ 1. @9 (58 (m)
The equations constituting any (ps) approximation are (Al) to (A7), where P, Q, ..

on the right consist entirely of interaction terms known from previous approx1mat1ons

Their solution is given by (A8) to (All), which contain six functions of integration, (A12).

3
The key to this solution is the value of (2[ )which satisfies the inhomogeneous wave
equation (AS8).
For p > 2, the (ps) solution (A8) to (All) is indeterminate to the extent of a comple-
mentary solution of the (ps) approximation, i.e. a solution of

(ps)

Q)n(gi) = 0 (6.2)

where the @,,, here stand for the left-hand sides of (Al) to (A7). However, we shall
suppose that the functions representing the essential sources of the wave field have already
been chosen for the 25-pole wave solutions of the linear, (1s), approximations

(19)
Dyn(gi) = 0. (6.3)

No fresh source functions are to be used other than those which are necessary to satisfy
the inhomogeneous equations (Al) to (A7), and which are non-singular for » > 0 and
lead to Galilean conditions at infinity. For this reason, in the (2s) approximations (s < 4),
which are going to be examined, all the functions (Al2) of integration, save possibly

X (r t), will be ignored, except for the purpose of choosing suitable lower limits of various
integrals we meet in solving the (2s) approximations. Functions of integration resulting
from solution of (A8) will be treated similarly.

In considering the (2s) approximations step by step from s = 0 to 4, we shall be
interested only in non-transient terms of order not higher than »~* in their solutions. As

these do not yield terms of order higher than »~3 on the left of (A1) to (A7), we therefore
(25)(28) (23)

do not need to evaluate P, Q, ..., N on the right of these equations further than terms
of order r~8. However, we shall at first retain in the solutions terms up to order as high as
2s)

73, except those in 4 of order exceeding » ~* that are not needed to satisfy the key equa-
tion (A8) up to order 2. This is for the purpose of verifying that the solutions thus
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obtained actually satisfy (A1) to (A7) up to order 3, i.e. make all terms up to order =3
cancel each other on substitution back into equations (Al) to (A7).T After this verification,
terms significant to a secular change in the mass of the source will be picked out.

Turning to the particular values of s from 0 to 4 we remark first that the (20) approxima-

tion does not interest us. This is simply because the solution fglfjiok) of any (p0) approximation
is clearly the pth approximation (m? contribution) to the (static) Schwarzschild metric (6.1)

of a central mass m, to which the linear source reduces when @ = 0. The (21) approxima-
. . (11 . } 21>
tion vanishes because, from (5.28), there are no g, to produce with g, non-linear ¥,

in (3.2) (p = 2, s = 1); thus, according to our agreement not to introduce fresh source

. 21)
functions when unnecessary, the g,; must be put equal to zero.

(22)
As for the (22) approximation, by virtue of (5.28) the terms in ¥';,, on the right of (3.2)
(p = s = 2) only come from the combination

an_ az
&ire X ik (6.4)
an . _r . . 2
of the g;c (and their derivatives)} and, up to order ™% at least, are linear in A™(¢ Tr)
(n > 0). In fact, up to order 3,

(22) N (22) (&3] . (22) Py
P =4 34", Q= —R = 2:%2r 2BV +5r=%4"), S = 12s2%~3}"

2 2 2 2 (6.5)
(22) L@ (22) . '
L= 8sc(7"2§”’+3r‘3}22”), M = —8s27‘3725’”, N = 8sc(1’“2/§/’/+31f‘3/2z”

2
From (5.16) it is reasonable to assume that this linearity in A™(¢ T7) implies that no per-
manent change of order not exceeding #~* is to be found in the (22) approximation to the
metric. In confirmation of this, the (22) solution turns out to be (Rotenberg 1964)

(22) - ,
A= —4s2 " VInr " +4Q2-3s%r 2 Inr b’ — &>~ 14"
2 2 2

(22) A 2
B= 2% tInrh" —42-3sr"3Inv b’ — 221"+ 452 3%
2 2 2 2

(22) -
C = 2s%~1 ln72ﬁ”’+8s27‘2 lnrzh”——4(2—s2)r‘3 In7z 51’ \

+%szr“lﬁ’”+%s2r‘2h”-}-%ﬁszr”sh’ |
2 2 2

(22) - ;
D= —4%"tlIny 51'”-1—4(2—32)1*‘2 Inz éz”— 16r=3 In¥ }21’

_%827—121/1_13_327—212//+(§3é_ 8s2)7‘3ﬁ/
2 2

(22) (22) (22)
—up to order 78 this solution satisfies (A1) to (A7) with P, Q, ..., N on the right given
as in (6.5), and it corresponds to the choice given by
(22) 122 -
X, 7 Pyi= &4y Sél/” (6.7)
+ Such solutions ensure that up to the (24) approximation the total flux of ‘phoney’ matter
(obtained by means of the energy tensor Tx) across a large sphere, centre the origin and radius 7,
is of order -2, and therefore zero across an infinite sphere. Thus, as far as secular variation of the
mass of the source is concerned, the approximate solutions and the corresponding exact solutions

of the (25) approximations (s < 4) should give the same result (see Bonnor 1959, § 11).

am am  an
1 The combination g,-f; x gu: of gi (and their derivatives), we say, represents the (2"-pole) x (2*-pole)

intevaction of the waves.
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for the func’cion(zxz)(r, t) of integration in (A12), which is necessary to prevent singularities
on the axis Oz of symmetry (except at O). The absence of any permanent change of
order not exceeding 7~ from the (22) metric is clearly seen from (6.6). Similarly no such
change appears in the (23) metric.

It remains now to study the (24) approximation. This is done in the next section, in
which it is concluded that there does generally occur in this approximation a secular varia-
tion in mass of the source on account of the quadrupole xquadrupole interaction of the
waves.

7. The (24) approximation: change of mass of the source
@@ (20
The non-linear terms in the (24) approximation, i.e. those comprising P, Q, ..., N

on the right of (Al) to (A7), come from the combinations

aoy s an  as 12 a2

8ix X 8irs i X &iter i X ik (7.1)
of the ié;z (and their derivatives). Of these combinations we need consider only the last,
for the following reason: by virtue of (5.28) the second combination vanishes. From
(5.27) and (5.31), the first combination gives leading terms up to order =2 of forms
similar to those of the leading terms of the combination (6.4) (the non-linear contribution
(6.5) in the (22) approximation), and like the latter combination yields no non-transient

terms of order not higher than 7! in the metric. By means of (5.29) the precise expressions
(28)24) 20 . .
for P, Q, ..., N consisting only of the effective non-linear terms can be found by a lengthy

but straightforward calculation: up to 72 terms they are
(24) - - - ~ -
P = s*{r 220" kv —4R"2 4 5H"2) 4+ 2r 320 BV + 17R" B — 124" K"}
2 2 2 2 22 2 2 2 2

(24)

o4&l =2 M2 "o -3 7 T g
Q = sH{—r (B = 1)+ 4r (W B+ BT}

24

o Af,—2(m2__ r//2 ~3( Lt hiv __ L "om
R = —sH{r=2(R"2— I") + 4r (W B = B' R+ 207 R}

(24)

— odf,—2 7 Eiv oma ] -3 T E/ // "
S = sr (2122121 +5;21 /2 Y+4r (éiét 32/2% h)} . (7.2

24

L = —28{9r=2h"}" +v=3(16A'h" +29h"2)}
2 2 2 2 2

(24)

M = —84{1’_2(2}-1”/%“’-%-}—Z/’,il”/)+7’_3(4flliliv+ 115//%///_2}‘1//;;0/)}
2 2 2 2 2 2 2 2 2 2

(24 o o
N = 25%{9r=2h"R" + 28+ ~3(W' " + h"h")}
2 2 22 22

Using (7.2) in the key equation (A8) and setting(zﬁ ’and 5 as zero we get

k24)

b o222 mo __ L2 -3 1 Tiv Lihm _ npm 2 . (24
Ol = s (R = ") +r=3(6W B + 31 B = 18" R+ V)= (x, +7 1)) (7.3)

where we have employed 17, the last of the four notations

X = @X(t—r)+B2X(t +7), X = o2X(t—7)— B2X(t +7)
oo [ (o o] 7
in which

X(8) = K@), (7.5)
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A solution of (7.3), non-singular in 8 and satisfying (7.3) up to order » =3, can be obtained
by a method similar to that adopted by Rotenberg (1967) for a solution of a similar in-
homogeneous wave equation. The result is the first of (7.7); this solution corresponds to

the choice of<§<4)given by
~1(24 - T WA Tnim wTm A
R X = o6+ R+ B+ BB+ 2Y) (7.6)

and made to achieve non-singularity in ¢ in the solution. With the help of (A9) to (A11) the
remaining non-vanishing ?ﬁ: can be calculated up to order »=3. The whole (24) solution
thus found is (using the notation (7.4))

24 A

R )

29 A ! A
B = —(-115,-s2+~%gs4)r‘1Y-(%SZ—%S"‘)r‘lf r~*Y dr+ Rp
feel

o . v (7.7)
C = (i4s2 +—3%s4)r“1§7—(%5s2— -23—534)7*‘1f r1 f’dr—%—Rc
(24 2 r = ! =
D =&r"1Y+5% j‘ 1"1Xdr—(-1%—-125—5'2—-2%,14)7f r~2X dr+Rp
where B "
R, = —(i%s% +Zost) "1(65 /:L“’+6£z’h“’+ 134 5‘ + 37;L"éz’”)
+%S47_2(;l”2—flﬂz)+S47’—8(%Eflm—‘i‘ﬁfl”’—%&ﬁ’ﬁ”+%{1‘ﬁ’2”) (7.8)
22 2 2 2 2
Ry = —(F652 +gost)r '1(6h /%“’—%—6/% h“’+ 13h”h”’ 3?’5’”)
+r 7232 AR+ B + (o +Los )R + (s — et b7
—3f1. 4L Hm m +154V] 352 4 11\
SRR — BB = (357 B — (3% 4 s
—(%@-%%#)r—lf r=2(h"2+ h'?) dr (7.9)
@ 2 2

Ro = (dos? +sst)r (6B B + OA' R + 1357 R" + 1307 1")
+r 72+ s (AR + IR + (Jo5% + 884"+ (To® + #5877

47 3{184( h/// ﬁ///)_(%sg_g%s4)§ré//_(%Sz_ng()gS‘;)éré'Lu}

22
Gt Aty [ (7.10)
Ry = —r=H{(3s +dsst) (I + W)+ (G324 338 B 7 + 1 B)

2 2
2 (42 S (BB + R+ (s® + Fs)E "2 4 (35 — Sias )%}

+7’_3{%S4(§€L”[ ”éﬂ/) + (%—%282—%2’0384)]25” + (»g__%gsz_%%sz;)é/éﬂ}

_%f "—3(};1//24-};1”2)({7"1"7"[ —4{ 252 };L”2+(2—s2——1—81s4)%”2}dr,
i ) (7.11)
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As can be verified, this solution satisfies, up to order 73, the (24) approximation given by
(245 (24) (24)
(Al) to (A7) with P, Q, ..., N as in (7.2).
It is hard to interpret the (24) solution (7.7) physically, but the coordinate transforma-
tion

r* ~
7 = r* —m2gt {(135__1;5_8*2 — std) f 7=t 1’/"(77’ %) dn
r* A
+ (;;45 — %8*2 — .31.6_3*4)1,* f 7’ -2 Y('O, t*) dn}
¥ A
0 = 6%+ m%q* {(—%s*c* + sk -1 f " Y(n, t*) dy (7.12)
€
r* A
+ G+ goet) [ 020,00 )

b = ¢*, t = t*—%mat {1;;(;'*, z*)-f-r*f 77“1)?'(77, t*) dn}

(s* = sin 0%, c* = cos 6*) transforms the solution to one that can be physically interpreted,
as we shall soon see. The transformed (24) solution, omitting the asterisks, is

(24) (24) 2 T =
—gn=4= ~-1%r‘1Y+(1%-%s2—-1%s‘*)f n~1X(n, t)dn—~ R,

_2(24) 24 L ~T =
—% o0 = B = (Y557 + 3%‘54)‘J 7~ X(n, t)dn— Ry

fee]
9 _2<24> (24) ) r =
—rom2g = O —<~1—5-s2+-3lo—s4)f 01Xy, 2) dn— Re
0
r

(24) (24) A =
Saa=D=+%r"1Y + ’1§5‘f 7~ X(n, 1) dn
st 2ty [ 972 R, o+ Ry
° (7.13)

(24) (24

roige =% = (%sc+%ssc)f 0= X(n, #) dn

24 (29 r A
fi ==~ ) [ 0By

T ~
+ (=i =y | 02 R0

(24) (24

¥ lggy = G = —(&sc + 1%Ssc)f 77“1)2'(77, t) dn

T A
— (dssc+ dlgsc)r f 1”2 X (1, t) dn;
o)

the earlier approximations are not affected. Now, from the definitions (7.8) to (7.11) of
R, ..., Rp we immediately observe that these contributions on the right of (7.13) consist
of terms, everyone of which is either of order =2 or higher for all ¢, or of order »~* but
tends to zero as ¢ - + co. Thus Ry, ..., R, do not yield any non-transient change of order
not exceeding 7! in the metric. Furthermore, it can easily be shown that the integral
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expressions on the right of (7.13) which involve

[ wZona [ 4 Rans  @=12 (7.14)

also do not contribute to any such change in the metric (Bonnor 1959, Rotenberg 1964).
So, on neglect of R, ..., Rp and the integral expressions, the (24) solution (7.13) becomes

(24)  (24) A t-r g t+r g
gu—gu= Tt o [ dga-g [ a0
on account of the fourth of (7.4) and (7.5). Given r > 0, we have

ty g
5Pt h"2(€) d¢ for t<t;—7
26 @ t

811 = g4y = (7.16})

t22
ey =1 f R'AEYdE for &> ty+7.
i1

This result corresponds to an approximate Schwarzschild metric, with terms in =" (n > 2)
ignored, for a central mass 7 given by

ty o
—%R%m%at h"2(€) dé for t<t,—vr

= N (7.17)

2 2

—-l%o@mza‘*f h"3(€) d¢ for t > ty+7.

i

Hence the above solution (7.13) of the (24) approximation shows that there occurs in this

approximation a permanent variation

t

Amd;f —1g5(0€—ﬂ)m2a4f : Z”I2(f) df (“+B = 1) (718)

t

in the mass of the source on account of the quadrupole xquadrupole interaction of the
waves represented by the third combination of (7.1). This variation in mass is, up to the
(24) approximation, precisely equal and opposite to the total energy removed by the waves
as calculated by means of the pseudo-tensor (Rotenberg 1964, 1968).

In conclusion, the result follows from (7.18) that no secular change of mass occurs,

2
either when the vibration of the source is of the very special type characterized by 4” = 0
or, as expected, when the waves of the field are stationary (¢ = 8 = }).
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Appendix. The approximate field equations and their solution

The (ps) approximation corresponding to the diagonal metric (4.1), which is formed
by equating to zero the coefficients of mPa® obtained on substitution of the expansions (4.3)
into (1.1), is written out below. To save printing, the labels (ps), which should have been
placed above all the capital letters, have been omitted in this appendix, except where
confusion might arise without them.

2Ry; = 0: — A+ By +Cyy+ Dy +2r Y~ A+ B+ Cy)
+773( A+ Aycotf) = P (A1)
2r=2Ryy = 0: Byy—Bas+r-Y(— 4, +3B,+Cy+Dy)
+772(Ayy—2A~Bycot 0L 2B+ Cyp+2Cocot 8+ Dyy) = QO (A2)
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27"_2 COS€C2 9R33 = O: Cll—C44+7”1(—A1+Bl+3C1+D1)
+r72(4ycot§—24~Bycot 0 +2B+ Cyy+2C;cot 4+ Dycotfd) = R (A3)

2R,y = 0: Ay +Byy+Cou—Dyy—2r" 2Dy —77%(Dyg+ Dycot ) = S (A4)
2R, = 0: ~B;cotf@+Ciy+Cicotb+Dyy—1r"Y(As+ Dy) =L (A5)
2R, =0: By +Cyy+r Y (-24,+B,+Cy) =M (A6)
2R,, = 0: Ay,—Bycotf+Cy+Cycotd = N. (A7)

A subscript 1, 2 or 4 after 4, B, C or D denotes differentiation with respect to 7, 6 or t—
unless otherwise implied this notation is to apply to any non-tensorial symbol. The left-

. . . (»s) . .
hand sides of the above equations comprise terms linear in the é’m (and thelr denvatwes).

The functions P, Q, ..., N on the right consist of terms non-linear in the g“c (g<p-1,
¥ < 5) (and their derwatlves), known from solutions of the earlier approximations, and
these functions are zero in the linear, (1s), approximations.

The (ps) approximation given above has been integrated by Rosen and Shamir (1957),
Bonnor (1959), and we merely write out its solution. It is

A = (Ayy +2r~14,) +77%(Agy + A, cot §) — A,

= P— [(My+r~*M)dt— [ {(Ly+r='L)— [ (Nyy+r~iNy) di} df
— (A7) + [ (outrto) d—(r, +777) (A3)

C= —A+cose020fsc[2A+r‘1f{ZA-i—r(J‘]WdH-n)} d1’+1’_17'] do

+cosec20f sz(Jﬂth-f— c) df -+ cosec? § (A9)
B=—C+rt {2A+r(jMdt+n)}dr+rlT (A10)
D=A+r[[2r24+r [ (L= [ Nydt—o,)d0+x]| dr+r (A11)

in which s = sin 4, ¢ = cos 6 and

n=x9(r0), o=, x=xr1, v=vb1), 7=700,1), p=ult) (Al2)

are six functions of integration. The key to this solution is the solution for 4 of the
inhomogeneous wave equation (AS8).

The six arbitrary functions (A12) must be chosen to meet the following two require-
ments: (i) the (ps) metric shall be Galilean at infinity, (ii) it shall be non-singular on the
axis of symmetry Oz, except at O. A sufficient condition for the second requirement to be
satisfied is that

ws) (ps) (»s) (ps) (®s) ($) (n8)
A, {B+H(r,t)+K(r,t)cosbcosec?d, {C+H/(r, t)+K(r t) cos 0} cosec? 8, D
be of class C? near sinfl = 0 (A13)
®8) @®8)

for some H and K, non-singular for all » > 0 and all #. It is necessary, whenever the
above (ps) solution is used, to substitute it back into the (ps) field equations to determine
whether any additional conditions are to be imposed on the six arbitrary functions.
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Now suppose (A13) is satisfied. Subject the metric (4.3) to the sequence of coordinate
transformations

(29) (29)
v =¥+ ImPasr* H (r*, t*), 0 = 0*+imPa K (¥, t*)sin 0%, ¢ = ¢*, t=1t* (Al4)

(p=1,2,...;8s=0,1,2,...). Then, on omitting the asterisks, we obtain for the (ps)
@s)(ps)  (ns)
approximation to the non-diagonal metric (4.2) the coefficients ;lf ﬁi ey ?Js satisfying

the condition that

@5 (o) (3 @) () (2s) (2
A, Bcosec?#, Ccosec?d, D, Ecosecd, F, Gcosech
be of class C2? near sin ¢ = Q. (A15)

This is the more usual form of statement of the sufficient condition of regularity along Oz
for the (ps) metric.
Every approximate solution obtained in this paper directly satisfies either (A13) or (A15).
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